Chapter 6

Derivatives

Definition: a derivative is a contract bond on an underlying object, which can be a currency exchange rate,
an interest rate, a bond, a stock, or any kind of security.

) Futures and forwards

Definition: in a future/forward contract, two parties A, B decide the following at time 0:

At time T > 0, A will buy from B one unit of a specified underlying asset X at a fixed price K.
Note that T, the asset X and the price K are known at time 0.

What is unknown is the price S) of the asset X at time T on the market. By assumption, S) is
unpredictable.

Note that this contract is symmetrical: A will have to buy X from B at price K at time T and B will have to
sell X to A at price K attime T.

Notions of payoff: The payoff for A4 at time T will be ) — K.

Since Sy is unpredictable, Payof f 4 iy unpredictable too.

Payof f @ is the net cash flow that A will get buying X from B at price K and selling it immegiately on the
market at price S).
Similarly, the Payoff B attime T is K — ).

This is the cash flow that B will get, buying X on the market at
price Sy and selling it to A at price K.

Question: Can one compute the value of a forward contract for A or B? In other words, should A or B pay
a compensation to B or 4, at time 07?

At time 0, the future value S) of the underlying is unknown, but the present market value So of the
underlying is known.



Proposition: In the absence of arbitrage opportunity, the present value at time 0 of the forward contract
for Ais PVo@ ¥ So — 1 ¢ r K where 7 is the interest rate per compounding period for an investment
without risk on the market (which is assumed to be the same as the interest rate for loans).



In other words, if So— ( + 7 §) > 0, then A should pay P =So — 1+ YK to B.
If So— 1+ ®K < 0 then B should pay 1 € 7 ® K — Soto A (at time 0).

Proof: Let P be the price paid by A to B, in order to sign the contract at time 0.
We want to show that :

1.

Po= So —(1+99K.
A can do the following:
Att=0:
o Sign the contract with B and pay Poto B.
o Take a short position on the underlying: Cashflow = Sp.
o Invest the amount(1 + r)* K (with no risk) at interest rate r.
The net cash flow of 4 at time 0 is then: —Po + So —(1 + 7)*)K > 0.
Att=T:
o Buys the underlying from B at price K: Cashflow = —K + P,.
o Choses the short position on the underlying < give back the underlying at price P).
o Choses the investment at rate r: Cashflow =K
The net cash flow of A attime T is then: €K + Py § —R) + K)= 0.
This is an arbitrage in the generalized sense. So we cannot have : P < So — { + r K.
If Po>So— 1(+ 71 )19'. Then B can make exactly the opposite of what A does in case 1: >
arbitrage for B.
If Po > So— 1 + 1 OK.
B can do the following:
Att=T:
o Sells the underlying to A at price K and buy it immediately: Cashflow = K — P
o Choses the long position on the underlying <> selling the underlying at price P).
o Reimburses the loan at rate r: Cashflow =—K

Definition: The forward price of the underlying X at time 0 is the amount K such that

So— 1+ 1)YKaapcope =0 S Keascpse =@ + 7} * S

If the forward contract is such that K = K@ascpsg, then Po = 0: there is no cash flow between 4 and B at

time O.

1)

Options

An option is a contract between two parties A and B, which is not symmetrical. As in a forward, there is an
underlying asset X.

We will only consider European options, for which the future date T of exercise of the option is fixed.
There are two kinds of European options:

Call options: At time 0, A pays an amount to B, and gets the rights to buy the underlying X from B
attime T, at strike price K (but maybe A will decide not to buy X). B receives Ppat time 0, but at
time T, if A decides to buy X, B will be forced to sell it at price K. In that case, we will say that the
option is “exercised”.

We say that the buyer A of the call option is “long” on the call option, and that the seller B is
“short” on the call option.

Put options: At time 0, A pays an amount Po> 0 to B, and gets the right to sell X to B attime T
and strike price K (but maybe A will decide not to sell X). B receives Pobut will be forced to buy X
from A at price K attime T. A is long, B is short on the put option.
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At time T, the value of the underlying asset is S). The “strike price” is K.
- “call/put options” : it is interesting to exercise a call/put in the case S) > K ; S) < K. In this case,
the call is “in the money”.
- If Sy =K, the call/put is “at the money”



- If $) <K, the call/put is “out of the money” : you should not exercise the option.
In terms of value, the value of the call/put at time T is zero if Sy < K ; Sy > K and equalto Sy — K >0 ;
K—S5>0when$ >K; S <K.
In all cases, the value or payout of the call/put at time T'is (§y —K)1; ( —S) X where x1 = x ifx > 0,
x1=0ifx<0.

Graphs :

Question: How much should one pay for a call? For a put?

Theorem (put-call parity):
Let Co, Po, Vobe the values at time 0 of a call, a put, and a forward on the same underlying asset X, with
sameT > 0,same K > 0.
In the absence of arbitrage opportunity:
Co —Po=Vp

Proof:
Assume for instance that Co — Po < Vo.
At time 0, you can:
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- Take a long position on a call
- Take a short position on a put
- Take a short position on a forward
All of those actions, at the underlying asset X at strike price K.



The resulting cash flow is - Co + Po + Vo.

At time T,
- IfS) < K: you do not exercise the call. But the buyer of the put unit sells you X at price K, and you
will sell X at price K to the buyer of the forward. Your cash flow is - K + K =0.
- IfS) > K: you exercise the call, but the buyer of the put does not exercise it: you sell X at price K
to the buyer of the forward.
Your cash flow attime T is- K+ K= 0.
So, whatever Sy is, your cash flow at time T is zero, this is an arbitrage.

Similarly, if Co — Po > V), at time 0, you can:

- Take a short position on a call

- Take a long position on a put

- Take a long position on a forward
All of those actions, on the underlying asset X at strike price K.
The resulting cash flow is Co — Po — Vo > 0.

Attime T,
- IfS) = K: you do not exercise the put. But the buyer of the call will decide to buy X from you at
price K, and you will buy X at price K from the seller of the forward. Your cash flow is K — K = 0.
- If§) < K:you exercise the put, but the buyer of the call does not exercise it: you buy X at price K
to the seller of the forward.
Your cash flow attime T is K — K = 0.
So, whatever Sy is, your cash flow at time T is zero, this is an arbitrage.

Explanation of the end of the proof:
Behind the proof is the equality : x1 — (—x)1 =x Vx€R
=O-Kx—K=-5r=5-K
In other words, at time T':
Payoff all  Payoff pat =ypayoff foxward )
This holds for any value of ).

The remaining question is : how can we compute Co?
Naive approach (which fails):

Suppose we can only trade the option and the asset X at times 0 and T. One can also lend/borrow cash
betweent =0and t =T atinterest rate r > 0.

Proof of x1 — (—x)1 = x
Ifx>0,x1r =xand-x < 0 hence (-x)1 <0
Thenxy — (—x)1=x—-0=x
Ifx <0,x1 =0and-x = 0 hence (-x)1 = —x
Thenx1 —(—x)1=0—(—x)=—(—x)=x

At time 0, the asset X has a value So.
At time T, it can have three possible different values, each with probability of tcl.



Example:

|

p = Sb=110 * payoff : 110 — 60 = 50

So =750 p=§ Sy =70 *payoff:70—60=10
1

P=§ Sb =40 * payoff:0

Let us take K = 60.
At time 0, you cannot predict S, so you cannot predict the payoff of the call. But you can compute an
expected payoff.

1 1 1
E[payoff]=2*50+3*10+3*0=20

The present value at time 0 of this payoff is :
Epayoff]
1+7r

If% = 0,95 we get = 19 as price of the call.

This price is wrong, we will see that it allows arbitrage.

Indeed, at time 0 you could:
- Sell one call option
- Borrow 31 at interest rate r
- Buy one underlying asset
At time O:
- Net cash flow :
Co+31—-50=19+31-50=0
At time 1:
- IfSpy=110 or 70 the call option is exercised: you have to sell the asset at price K = 60, andyou

reimburse 31 * { + 7 3 =32,63

- Net cash flow:
60 —32,63>0
- If Sy =40, the option is not exercised. You sell your asset on the market at price 40 and you
reimburse 32,63
- Net cash flow:
40 —32,63>0

) The binomial model with one time step

Suppose that cash can be borrowed (or lent) on the
Market at interest rate r.

Les K = 110 be the strike price of a call option on the
asset.

What is the no arbitrage price of this option at time 0?




AA&

UNIVERSITE
DAUPHIN F

N e 1970

In order to find this price, let us try to “replicate” the option.

Suppose that at time 0, you buy A units of the underlying asset and you make a deposit of u (euros) which
will grow at rate r (hence you lend without risk).

Hence, A, u € R:



At time 0, your net cash flow is:
—ASo—u =—=100A—u
At time 1, you receive the reimbursement:
u(l+nry=11u
- If Sy =120, you sell your A units of asset and receive:

SpAd = 1201
- If Sy =90, you sell your A units of asset and receive:
SpA =904

So,
- If Sy =120, your net cash flow is 1204 + 1,1u
- If Sy =90, your net cash flow is 904 + 1,1u

If instead you buy 1 unit of option at time 0, your cash flow at time 0 is - Co.
At time 1:
- If Sy =120 you buy the asset at price K = 110, you sell it in the market at S, = 120 and your net
cash flow is 10.
- If Sy =90 you do nothing, your net cash flow is 90.

A replication must provide the same future cash flows as the call option, in every situation:
1204+ 1,1p =10 (1)
{901 +1,1u=0 (2)
Subtractin 2 (weget30A=10P> -
gLy 2 (we gey -
2., > u=— A1=-
) TT 11

So the application corresponds to buying b of asset and in borrowing —u = <0 € at interest rate r.
C b,b

General principle: If two investment strategies deliver exactly the same ash-flows in the future, then their
price at time 0 should be the same, otherwise an arbitrage would be possible.

Consequence: the no arbitrage price of the option is the prifs(?f thfooption at time 0:
C =1001+u = +
DBs —3— rl—

One can give general formulas taking r > 0 arbitrarily and S, = uSo, or Sp = dSo with 0 < d < u.
Assume that dSo < K < uSo
If we buy A units of asset and bon, u euros at time 0, then at time 1:

- IfSp = uSo you receive Soul + 1 +ru

- If Sp = dSo you receive SodA+ 1 +71u

Hence
Soudl H1+ru=uSo—K
{ SodA+1 +7ru=20
and
_uSo—K
Sotu—1) d
o SoAwSo — K) n=— *@SO—K)
(A +rXet—d ) u—d 1+r

Risk neutral probability:
Let us look for a probability law P« on the issues uSo and dSo such that:
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1
1—+rEtJ(5b — K)1 ] = Cpgs

In other words, we look for P., probability law on the random variable S, such that the present value of the
expected payoff of the call is the same, as it’s a no arbitrage price.



We call P. the risk-neutral probability law.
Let us compute P.. Let P. = P. b = uSo .)
Then P.Sp,=dSo > 1 — P«

Then 2o E [(Sp — K)1] = 5 (uSo — K)

x6
HencetheconditiononP*isi)_t;B(USO—K)=%(1—b%)
1+r—d
p— 1+r(1_ d >= r
u—d 1+ u—d

we must have 0 < P. <1
Then,wemusthave0<1+2—-d <u—d -d<1l+r<u
Note that these conditions must be satisfied, otherwise an arbitrage is possible.

The assumption d < 1 + r < uis necessary if we want to forbid arbitrage.

Indeed, if for instance, 1 + r < d. Then, at time 0, | can borrow the amount Sy at rate r and buy one unit
of asset at price So.

Net cash flow : So — So =10

At time 1, | reimburse { + 7 Soand | sell the asset at price = 0.
Net cash flow : —=(1 +1)So+ dSo= @— A +7))S0=0

Moreover, the price of the asset is uSo with positive probability.
Net cash flow : —=(1 4+ 7)So+ uSo= @t— @ +7))So>0

Similarly, if u < 1 + r, | can do the opposite ISlend So and shot sell one unit of asset).

. . _ bIB.6
P(Sb=u50)=P = ( )
Vv6E

We saw that is the risk neutral probability for the call

P*(Sb = dSO) =1-—p*=yv60618)
v6E
Meaning that the price of the call on the asset at time O,
1
Co = mEQ * ((Sp — K1) (Sv — K)1 is the payoff of the call at time 1

NGUAU%a 3aac0 &¢ 460 UENUTAUI
Natée ¢ailo Noéiaiaiat o.
bIB)6E)vI(v6 (bIB))E
Let us compute b B * (S,) = b (Pu + (1 — P)d)Sp = (CTRORVI(vOCTR)

(bIB)(V6E) SO - SO

So we have found So = met*(Sb)

Finally, consider an amount Ay invested at time 0 at rate 7.

Then - E[Ap] = {)ﬁ(l + Yo = Ao

Hence any contract based on the underlying asset, the option or the investment of cash will have the
property:
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U:—E x« U
0 157 1% b

Note that this property implies that no arbitrage is possible.



Indeed, an arbitrage would be a linear combination of contracts with the value vo = 0 at time 0. So
E.bn¥0

Moreover, we cannot have P.¢», < 05 0 and P.vp & 0 > 0)

Hence we cannot have P(v, <0)=0 and P(wy, >0)>0

No arbitrage is possible.

V) Multi-time binomial model, underlying asset

We assume that, if S; is known at time i, then S;1b, can only take two values : uS; or dS;
0<d<l+7rQu.

After n iterations, the possible values of Sy are uBd"BS, where 7 is the number of lines the asset price
varies from S;s to uSs.

We assume that one can borrow a bond cash at rate .

We consider a more general position. Obviously,

Sa— K ifSa>K
Cmyny =™ =7 0 nFS(—K
(nm) { 0 otherwise 1 Su )

Question: What is the price CQ; 1 at time 0 of u European call on one unit of the asset, with exercise date
r and strike price K?

We consider one more opened question:

Take0<i<n

What is the price C {, n at time i of a call on one unit of asset with exercise date n and strike price K?
One can determine C {, n §oing backwards, fromi=ntoi=0.

Obviously, Cm;ny= {St‘l - K ifS 2K

0 otherwise Co,ny=S¢— K1)
WhatisCqr—1;n?y

Su =uSu .
Sueh = {Su _ ZSuZE & 1 time step
1
1
Cm—1;n\= _
’ —E [(S, — = ——FEc[C;
(7B T T Eul(Sy — Ko - e ECE )]

. _bIB6E
G(WHoVWteE) ™ e R
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Cv(l + L,n)

Climy = Cv (n; n) with probability P.
(& )_{CE(1+i;n)

Cn—1; =
(n ) {CE @; n With probability 1 — P.

oUéé]léﬂ fie R Q@él(ﬂ(@ot)t(m:w (fl ,\1\,1\) Mb(ge}% o

fidaiéeNgal™ u6bb;u °—— ;u u;u
bie ¢ ) prg € )



Hence we have:

1
Cn—1n_ = nn+ C nmn
( ) Hru( ) 1—+rﬁ< )
Hence at each step, knowinglC¢ +1:n n all cases, wepcan compute: 1—p
Cin = E Ci+Ln. .= " C i+Ln + C 1+in
() 7500 ) 3700 ) 7370 7D
In fact, there is a global formula:
CO;ny= — Ec[(Su—
O = Gy el — K]

. aeNUiaU1 NaTtéee

~———
inaiécaa eafaél dadiel 0 caill

Note that under P.,the event Su = = u®quoks, }has probability:
yids o U6k
(k) P (1 P)

>C0n= 1 u nm PE1—P ek S -
'S g Dogeo () - €S
Next time, we will replace times 1, 2, ..., n by AT, 24T, nAT =T.

Price at time 0 of a European call option of exercise date n (time steps 0, 1, 2, ..., n) and strike price K, with
underlying asset having value Sz at time k, with the behavior:

Sﬁz{ggi d<l+r<u
1 1 LY N U6/E EN6E
. a— = — * 1_ * -
e (R <1+r>uZEoo(k>9< Py (Sowd  — K
_1+r—-d
= u=a

Now, we take a time unit such that the time delay between step k and k + 1 iy AT, very small, with
T = nAT fixed, as n — oo (hence AT — 0).
Note that
In(Sg) + Inu)
In(S, =
o) {1n(5£) +In(d)
Denote Y £ the random variable which equals(Inju with probability p. and 1i§ d)with probability X — p-, )
with X = lf(w£) (1 <k <n)Weassume thatYy, ..., Yy are independent.

Then In (;*) = Yo+ Yot oo+ Van B@,p.) and C(0;n) = hr e (Soe®™ "% = K)y)

Now, we assume that:
®)

In(u)= pAT + o T . u = exp(uAT + o\AT) =1 + pAT + a+/A T+ _—+0dT)
)
In@ ¥ pdT —o AT d = exp(pdT — 0\/_)—1+,uAT—U\/_+ +0dT)

Moreover, the compounding period is now A4t, so the interest rate for this perlod is now rAT instead of r.

bIBx)6E b b B6%6”
Son ¥+¥* . VAT + 0T )
110 60mg, @)

= ~NO,V )
¥
We cancompute Er (Yp) =p«Inu+ 1 —p. )Indand Vi, ) =p.(Inw)f + {—p. )(In d)* — ét *(Yb))

As a result, one finds that for n very large, In (W—”) ~ (( r—>b a%jT o*T )

1o ey

1K

This gives a formula for p. =

By the central limit theorem, for n very large, ¢
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Black and Scholes formula for European option pricing.

So=100
Exercise : u =120

d =0,90

r =10%

50120 1 12y [ M4 1A= 020 =44 10630
So =100 0*1,08=108= ( 2(2 =)

So+1,08=108=CQ; 2 ¥ 2

0,9 et 1;
o *09 et )2{50*0,81=81:>62¢2:)0

Call European option K =106at=2

p _l4+r—d _1,1-09 2
1 — " 12-09 3
c 1.2= H*728 1 3
v (— - —26=23,63
1,1 *38-1|- jZ} 4
CE(l"SZi: 3 *2>1,:1
1T 33
Co;:2="72 1

C )1 <§* 23,63 + 5 * 1,21)
Considérons maintenant une option américaine:
Strike price K = 1,06
Exercise date 1 or 2
Si I'option est exercée a la date 2, son payoff est le méme que pour 'option européenne.

A la date 1, dans I'état “u” Qi Sp.= 120, si j/ le call j 20—-1065 14 1,2 =23,
AR S585 R R AR 1 0 10 g fenerce e cll e gagne 120 106 3 14 <. 1,2 = 23,63

Dans I'état "d" ou Sp, = 90 je‘z’ n’ai a)ucunYn(térét)é exercer |'option a la date 1, et C® ](; 2 =) CE1; % )
[05] -

Ici le call américain équivaut au call européen.



